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Abstract
We show that the only compact simply connected manifolds for which the radial part of Brownian
motion enjoys the Markov property are compact two points homogeneous spaces, i.e. rank one
symmetric spaces.  2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction and notations
Skew-product decompositions of Brownian motion on various manifolds have been
extensively studied during the last decades (see for example [6,8,9,15]), the most celebrated
one being the skew-product decomposition of Brownian motion in Rn. In this linear case,
the starting point of the decomposition is to observe that the radial part of Brownian motion
is a diffusion, the celebrated Bessel process. Geometrically, this can be explained by the
fact that the isometry group of Rn acts transitively on the unit spheres. That is why, more
generally, the radial part of Brownian motion on a rank one Riemannian symmetric space
is a diffusion too.
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A natural problem is to attempt to give a classification of all the manifolds for which the
radial part of Brownian motion enjoys a Markov property. This problem is closely related to
a well-known and old conjecture in differential geometry: the Lichnerowicz conjecture for
harmonic spaces (see [10] and [19]), which has been solved by Szabo in 1990 in the case
where the manifold is compact with a finite first fundamental group. The first probabilistic
approach on this topic was made by D. Michel (see [11] and [13]) who compared the
link between the notions of globally harmonic space and strongly harmonic space on a
compact simply connected space. Precisely, she has shown, by using a standard argument
of unicity in law for the SDE solved by the radial part of Brownian motion, that for a
Riemannian manifold whose radial part of Laplace–Beltrami operator is radial, the heat
kernel is itself radial. In this paper, by different techniques, we answer completely to the
classification problem in the simply connected case and deduce the universal property of
Jacobi semigroups as factors of the heat semigroup on a compact manifolds.
More precisely, here is what is shown.
Let (M, g) a real analytic compact simply connected Riemannian manifold with
dimension d  2.Denote δ the Riemannian complete distance induced by g and form ∈M,
rm the radial function defined for n ∈M by rm(n)= δ(m,n).
As our manifold is assumed to be compact we can consider on M the heat semigroup
(Pt )t0 without any explosion problem (see [2]).
Theorem 1.1. Assume that for all m ∈M, there exists a Feller semigroup (Qmt )t0 such
that for any test function f :R→R which is C∞ with compact support
Pt (f ◦ rm)=
(
Qmt f
) ◦ rm, t  0,
thenM is isometric to a compact rank one symmetric space and hence (Qmt )t0 is a Jacobi
semigroup, i.e. there exist α > 0 and (p, q) ∈ N×N∗ satisfying p + q = d − 1 such that
the infinitesimal generator of (Qmt )t0 has the form
L= 1
2
d2
dr2
+ α(p cot(αr)+ 2q cot(2αr)) d
dr
.
2. Radial part of the Laplacian
From now on, we keep the notations of the introduction and we assume that for any
m ∈M, there exists a Feller semigroup (Qmt )t0 such that for any test function f :R→R
which is C∞ with compact support
Pt (f ◦ rm)=
(
Qmt f
) ◦ rm, t  0. (2.1)
The first step is to give the infinitesimal version of (2.1).
Proposition 2.1. There exists an even analytical function
θ : [−diam(M),diam(M)]→R
such that:
(1) R := diam(M)= Inj(m)= first nonnegative zero of θ.
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(2) In normal coordinates at m ∈M the Laplace–Beltrami operator on M has the form
M = ∂
2
∂r2
+
(
d − 1
r
+ θ
′(r)
θ(r)
)
∂
∂r
+Sr (m) (2.2)
where:
(a) r < R is the radial coordinate.
(b) Sr (m) is the geodesic sphere in M with center m and radius r .
(c) Sr (m) is the Laplace–Beltrami operator related to the Riemannian structure
induced by that of M.
Remark 2.1.
(1) We recall that Inj(m) is the injectivity radius at m and is the supremum of the positive
real numbers ε > 0 such that expm is a diffeomorphism from the open ball B(0m, ε[ of
TmM onto its image. We also have
Inj(m)= δ(m,Cut(m))
where Cut(m) is the cut-locus of m.
(2) The usual convention used in differential geometry is to take −M instead of M for
the Laplace–Beltrami operator on M.
Proof of Proposition 2.1. In normal coordinates (r, u1, . . . , ud−1) around m, the length
element ds2 can be written
ds2 = dr2 +
∑
1i,jd−1
gi,j dui duj
hence
M = ∂
2
∂r2
+ 1√
detgi,j
∂
√
detgi,j
∂r
∂
∂r
+ 1√
detgi,j
∑
1i,jd−1
∂
∂uj
(
gi,j
√
detgi,j
∂
∂ui
)
(2.3)
where, as usual (gi,j ) denotes the inverse of the matrix (gi,j ).
Since the Riemannian structure of Sr (m) is given by∑
1i,jd−1
gi,j dui duj
we have
Sr (m) = 1√
detgi,j
∑
1i,jd−1
∂
∂uj
(
gi,j
√
detgi,j
∂
∂ui
)
.
Consider now the function Θm (sometime called the Ruse invariant at m) roughly defined
as the density of the canonical measure of the Riemannian metric exp∗m g on TmM (pull
back of g by the map expm) with respect to the Lebesgue measure of the Euclidean
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structure gm on TmM and taken at the point exp−1m n. Intuitively Θm measures the volume
variations in term of the normal coordinates around m.
The map
(m,n)→Θm(n)
is hence certainly defined for n belonging to a neighborhood of m. Θm can be defined
globally by means of Jacobi fields (see for example [2], p. 137).
(2.3) gives
M = ∂
2
∂r2
+
(
d − 1
r
+ Θ
′
m
Θm
)
∂
∂r
+Sr (m)
where Θ ′m is the radial derivate of Θm in TmM.
Now, from (2.1) we have for any test function f :R→ R which is C∞ with compact
support
e−
1
2 t
M
(f ◦ rm)=
(
Qmt f
) ◦ rm.
Because
M(f ◦ rm)= f ′′ ◦ rm +
(
d − 1
rm
+ Θ
′
m
Θm
)
f ′ ◦ rm,
this implies immediately that there exists a real function θm :R→R such that for all n ∈M
Θm(n)= θm
(
δ(m,n)
)
.
By symmetry, it is easily seen (see [3] or [20]) that
Θm(n)=Θn(m)
which implies that θm does not depend on m. And we note that the function θ is analytical
because our manifold (M, g) is itself assumed to be analytical, and that it is even because
of the canonical geodesic involution of the tangent bundle (see [3], p. 156).
Let us now study more deeply what the relation
M = ∂
2
∂r2
+
(
d − 1
r
+ θ
′(r)
θ(r)
)
∂
∂r
+Sr (m)
implies on the geometry of M.
Let us consider u ∈ TmM such that ‖u‖ = 1. Along the geodesic s → expm(su) the
first conjugate point is determined by the first zero of the function θ . Then either there
is no conjugate point on all geodesics issued from m or (M, g) is an Allamigeon–Warner
manifold at m (see [3], p. 132 for a definition). In the first case M is diffeomorphic to Rd
because expm is a covering map. In the second case this holds at every m ∈M so that our
(M, g) is a Blaschke manifold (i.e. for all m ∈M, δ(m,n) does not depend on n when
n runs through Cut(m)) by the simply connectedness hypothesis and by the Allamigeon–
Warner theorem (see [1] and [3]). As it is known that for a Blaschke manifold
Inj(m)= diam(M)
this completes the proof. ✷
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Remark 2.2.
(1) It is easily shown that for r < R
d − 1
r
+ θ
′(r)
θ(r)
= A
′(r)
A(r) = σ(r)
where A(r) is the area of the geodesic sphere Sr (m) and σ(r) its mean curvature.
(2) As shown, by Lichnerowicz [10], relation (2.2) implies that (M, g) is Einstein, i.e.
there exists λ ∈R such that
Ricc = λg
where Ricc is the Ricci tensor. Moreover, we have
θ(r)= 1− λ
6
r2 +O(r3)
when r → 0.
(3) If we denote by ν the order of the zero R for θ , then 1+ν is the degree of the generator
of the cohomology ring of M. And from the simple connexity assumption, we have
ν  1 (ν = 0 would imply M∼RPd).
(4) Because (M, g) is a Blaschke manifold, for m ∈M, all the geodesics issued from m
are simple geodesics loops with length 2R (see [3], p. 136). This implies immediately,
by moving the decomposition (2.2) along a geodesic issued from m, that θ can be
defined on all R in order to be such that the function
r → (−r)d−1θ(r)
is even analytical and 2R-periodic.
(5) A manifold for which the Laplace–Beltrami operator has the form (2.2) is called
globally harmonic. The Lichnerowicz conjecture was the following: “Every globally
harmonic space is locally symmetric”.
As our manifold is assumed to be compact, it is stochastically complete (see [4]). We can
hence consider on M a Brownian motion (Bnt )t0 started at n ∈M without any problem
of explosion and from the previous proposition, we immediately deduce:
Corollary 2.2.
(1) The semigroup (Qmt )t0 does not depend on m ∈M and furthermore, it admits the
infinitesimal generator
L=1
2
d
dr2
+
(
d − 1
2r
+ θ
′(r)
2θ(r)
)
d
dr
.
(2) For any m ∈M and any geodesic γ parametrized by its length and started at m, the
processes (δ(m,Bγ (r)t ))
0r<R
t0 define a strong Markov family of continuous regular
processes on ]0,R[ whose semigroup is (Qt )t0 (see [17], Chap. VII, p. 300 for
a definition).
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We conclude the section by giving R, θ and L in the canonical cases, i.e. the case of the
compact two-point homogeneous spaces. By virtue of Wang’s classification, these are also
the compact symmetric spaces of rank one. The geometry of these spaces can be described
very explicitely (see [3], Chapter 3 and [7]), this leads to the following computations.
Example 2.1.
(1) If (M, g) is an euclidean sphere, i.e. the sectional curvature K is constant and non-
negative, then
R = π√
K
,
θ(r)=
(
sin
√
K r√
K r
)d−1
,
L= 1
2
d2
dr2
+ d − 1
2
√
K cot
(√
K r
) d
dr
.
(2) More generally, if (M, g) is a compact symmetric space of rank one, then
R = π
2α
,
θ(r)=
(
sin(αr)
αr
)p( sin(2αr)
2αr
)q
,
1
2
d2
dr2
+ α(p cot(αr)+ 2q cot(2αr)) d
dr
with α > 0 and (p, q) ∈N×N∗ such that p+ q = d − 1.
3. Spectral analysis of the radial motions
From now, we suppose that (M, g) is normalized with diam(M)= π , i.e.
R = π.
As seen in the previous section, for any m ∈M and any geodesic γ parametrized by
its length and started at m, the family of processes (δ(m,Bγ (r)t ))
0r<R
t0 defines a strong
Markov family of continuous regular processes on ]0,π[ whose semigroup is (Qt )t0. In
order to simplify the notations, we set
ρrt = δ
(
m,B
γ (r)
t
)
, t  0.
Proposition 3.1. For the Markovian family (ρr )0r<R :
(1) A scale function s is given by
s′(r)= 1
rd−1θ(r)
, r ∈ ]0,π[.
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(2) The speed measure by
ν(dr)= 2rd−1θ(r)dr, r ∈ ]0,π[.
Furthermore, L is self adjoint with respect to ν, i.e. for all C∞ functions f,g whose
support is included in ]0,π[
π∫
0
fLg dν =
π∫
0
gLf dν.
Proof of Proposition 3.1. Straightforward computations. ✷
Proposition 3.2. For t > 0, 0 r  π
P
(
ρ
r0
t ∈ dr
)= (∑
α
e−µαtPα(cos r0)Pα(cos r)
)
ν(dr)
where:
(1) ν is the speed measure.
(2) (µα)α∈N the ordered spectrum of (M, g), i.e. the set of eigenvalues of the Laplace–
Beltrami operator M.
(3) Pα is a polynomial such that for all m ∈M the function Jα(p) = Pα(cosd(m,p))
satisfies
−MJα = µαJα.
Proof of Proposition 3.2. Let m,n ∈M with δ(m,n)= r0.
We know from the Minakshisundaram–Pleijel expansion (see for example [2] or [14]),
that for the heat kernel pt on (M, g), we have
pt (m,n)=
∑
α
e−µαt
(
Nα∑
i=1
ϕαi (m)ϕ
α
i (n)
)
where:
(1) Nα = dim{f | −MJα = µαJα},
(2) (ϕαi ) is an orthonormal basis of Vα for the global scalar product
〈ϕ,ψ〉 =
∫
M
ϕψ.
Let t > 0.
We note that as the cut locus of m has a Lebesgue null measure, it implies
P
(
ρ
r0
t ∈ Cut(m)
)= 0.
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Hence if f is a bounded Borel function, then in normal coordinates
E
(
f
(
ρ
r0
t
))= 1
2
d(m,Cut(m))∫
0
∫
Sd−1
f (r)pt
(
n, exp−1m ru
)
duν(dr).
We set now
Iα(r0, r)= 12
∫
Sd−1
(
Nα∑
i=1
ϕαi (n)ϕ
α
i (expm ru)
)
du
in order to write
P
(
ρ
r0
t ∈ dr
)= (∑
α
e−µαt Iα(r0, r)
)
ν(dr).
To continue this proof, we need the following lemma which is a consequence of a classical
Fuchs theorem on ordinary differential equations.
Lemma 3.3. Let µ ∈R. The ordinary differential equation
1
2
d2y
dr2
+
(
d − 1
2r
+ θ
′(r)
2θ(r)
)
dy
dr
= µy (3.1)
has an analytical solution y0 : ]−π,π[→R such that:
(1) y0(0)= 1,
(2) y0 is even,
(3) every solution of (3.1) which is analytical in a neighborhood of 0 is proportionnal
to y0.
Moreover, (3.1) has a solution y1 defined on ]0,π[ such that
y1(r) ∼
r→0+
1
rd−2
.
End of the proof of Proposition 3.2. From the previous lemma, as r → Iα(r0, r) is an
analytical solution of (3.1) with µ = −µα we deduce that there exists a family (Kα) of
even analytical and 2π -periodic functions such that
P
(
δ
(
m,B
γ (r0)
t
) ∈ dr)= (∑
α
e−µαtKα(r0)Kα(r)
)
ν(dr).
Now, we use the geometry ofM. It has been noticed in the previous section that for m ∈M,
all the geodesics issued from m are simple geodesics loops with length 2π . By moving
the point m ∈M along the geodesic γ we deduce that the vector space spanned by the
family (τhKα)h∈R is finite dimensional, where τh is the translation operator (τhKα)(r)=
Kα(r + h). This implies, by 2π -periodicity, that Kα is a trigonometric polynomial (just
consider the Fourier expansion of Kα , but for furher details on this point we refer to [20]).
Finally, as Kα is even, the proof is complete. ✷
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We can now conclude this section by showing that the previous proposition implies that,
in fact, (Qt )t0 must be a Jacobi semigroup. This result must be compared to the work of
Mazet [12], who gave a classification of diffusions associated with an orthogonal family of
polynomials.
Corollary 3.4. The semigroup (Qt )t0 is Jacobi, i.e. there exists (p, q) ∈N×N∗ satisfying
p+ q = d − 1 such that
θ(r)=
(
sin(r/2)
r/2
)p( sin(r)
r
)q
and
L=1
2
d2
dr2
+
(
p
2
cot
(
r
2
)
+ q cot(r)
)
d
dr
.
Proof of Corollary 3.4. Let us denote by q the order of the zero π for θ . From the
Remark 2.2(3), we have q  1 hence θ can be written
θ(r)= eε(cos r)/2
(
sin(r/2)
r/2
)p( sin(r)
r
)q
with (p, q) ∈N×N∗ such that p+q = d−1 and ε an analytical function on [−1,1]. This
implies
L=1
2
d2
dr2
+
(
p
2
cot
(
r
2
)
+ q cot(r)− 1
2
sin(r)ε′(r)
)
d
dr
.
But from the previous proposition, there exist a trigonometric polynomialΨ (r)= P(cos r)
and a real µ such that
LΨ =−µΨ.
In order to conclude the proof, we recall now an interesting characterization of Jacobi
polynomials.
Lemma 3.5 (See [16]). Let
G =1
2
(
1− x2) d2
dx2
− [α(1+ x)− β(1− x)+ (1− x2)ε(x)] d
dx
with α,β > 0 and ε : [−1,1]→R a continuous function.
If there exist µ ∈R and P ∈R[X] such that
GP= µP
then ε = 0.
End of the proof of Corollary 3.4. By the previous lemma, ε = 0 which implies
θ(r)=
(
sin(r/2)
r/2
)p( sin(r)
r
)q
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and
L=1
2
d2
dr2
+
(
p
2
cot
(
r
2
)
+ q cot(r)
)
d
dr
. ✷
4. Conclusion and comments
We are now able to obtain the proof of Theorem 1.1.
As (Qt )t0 is a Jacobi semigroup, the first eigenvalue −µ1 of the Laplacian on M is
equal to
µ1 = 12q +
d − 1
2
.
But, we have the following maximal eigenvalue inequality first obtained by [18] in 1984.
Proposition 4.1 (See [18]). Let (M, g) be a d-dimensional Riemannian manifold
normalized with diam(M)= π and which satisfies:
(1) M is Einstein, i.e. there exists λ ∈R such that
Ricc = λg.
(2) All the geodesics issued from m ∈M are simple geodesics loops with length 2π .
Then, if −µ1 denotes the first eigenvalue of M the following inequality takes place
µ1 
1
3
(2λ+ d + 2).
Moreover, if the equality takes place and if the corresponding eigenfunction is the Jacobi
polynomial corresponding to µ1 in the case of a compact rank one symmetric space, then
M is isometric to a compact rank one symmetric space.
This proposition completes the proof of Theorem 1.1. ✷
Comments.
(1) If the manifold (M, g) is compact with a finite first fundamental group then
Theorem 1.1. remains true (M is a quotient of a compact rank one symmetric space
and (Qmt )t0 is a Jacobi semigroup). This little extension is easy because the universal
Riemannian covering ofM is a simply connected manifold for which the therorem has
been stated.
(2) From [5], there exist non compact manifolds (M, g) for which the radial part of
Brownian motion enjoys a Markov property (up to an explosion time), but which are
not symmetric.
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